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Integer Spin Hall Effect in Ballistic Quantum Wires
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We investigate the ballistic electron transport in a two dimensional Quantum Wire under the
action of an electric field (Ey). We demonstrate how the presence of a Spin Orbit coupling, due
to the uniform electric confinement field gives a non-commutative effect as in the presence of a
transverse magnetic field.
We discuss how the non commutation implies an edge localization of the currents depending on
the electron spins also giving a semi-classical spin dependent Hall current.
We also discuss how it is possible obtain a quantized Spin Hall conductance in the ballistic
transport regime by developing the Landauer formalism and show the coupling between the spin
magnetic momentum and the orbital one due to the presence of a circulating current.
PACS numbers: 72.25.-b, 72.10.-d, 72.15.Rn, 73.23.-b, 71.10.Pm
INTRODUCTION- In the last decade spin-dependent
transport phenomena have attracted a lot of interest be-
cause of their potential for future electronic device ap-
plications. It follows that the electrical control of spins
in nanostructures is of basic interest and has great po-
tential in semiconductor electronics ”spintronic”[1, 2].
Since 1990[3] it was discussed how the electrical field can
be used to modulate the current and the essential role,
which the field-dependent Spin Orbit (SO) coupling plays
in this mechanism, was shown. Recently many works
[4] have been devoted to the study of injection of spin-
polarized charge flows into the nonmagnetic semiconduc-
tors from ferromagnetic metals.
Nevertheless the SO interaction has an essentially rel-
ativistic nature it can also give rise to some sensible ef-
fects on the semiconductor band structure[5, 6]. In low
dimensional semiconductor devices, as Quantum Dots[7]
and Quantum Wires (QWs), a natural SO coupling is
always present which arises due to structural inversion
asymmetry in quantum heterostructures[8] where two-
dimensional (2D) electron systems are realized. In this
case the mechanism of the SO interaction originating
from the interface field is known as Rashba effect, be-
cause it was first introduced by Rashba [9].
The recent developments in the analysis of SO effects
have open a new field of research oriented toward the
phenomenology of the so called Spin Hall Effect (SHE).
In 1999, Hirsch[10] proposed that when a charge current
circulates in a paramagnetic metal a transverse spin im-
balance will be generated, giving rise to what he called
spin Hall voltage. Recent discovery of intrinsic spin-Hall
effect in p-doped semiconductors by Murakami et al. [11]
and in Rashba spin-orbit (SO) coupled two-dimensional
electron system (2DES) by Sinova et al. [12] may possibly
lead to a new solution to the issue. In last years Raimondi
and Schwab calculated the spin-Hall conductivity for a
two-dimensional electron gas varying the strength and
type of disorder[13]. The theory of transport in the pres-
ence of SO interaction including disorder was developed
also in the presence of a magnetic field: the Rashba effect
in the presence of an in-plane magnetic field yields a char-
acteristic anisotropic conductivity as a function of the
magnetic field[14]. The effects of SO coupling were also
investigated in the ballistic regime for QWs[15, 16, 17]
and, in a recent letter the presence of a Mesoscopic SHE
was predicted also in a Multiprobe SO Coupled Semicon-
ductor Bridges in the Ballistic regime[18].
The Hall effect occurs when an electric current flows
through a conductor in a magnetic field, creating a mea-
surable transverse voltage. On a fundamental level, this
effect originates because the magnetic field exerts a force
on the moving charge carriers, which pushes them to one
side of the conductor. The resulting buildup of charge at
the sides of the conductor ultimately balances this mag-
netic field- induced force, producing a measurable volt-
age between opposite sides of the conductor. In analogy
to the conventional Hall effect, the SHE has been pro-
posed to occur in paramagnetic systems as a result of
spin-orbit interaction, and refers to the generation of a
pure spin current transverse to an applied electric field
even in the absence of applied magnetic fields. A pure
spin current can be thought of as a combination of a cur-
rent of spin-up electrons in one direction and a current
of spin-down electrons in the opposite direction, resulting
in a flow of spin angular momentum with no net charge
current. Similar to the charge accumulation at the sam-
ple edges, which causes a Hall voltage in the conventional
Hall effect, spin accumulation is expected at the sample
edges in the SHE. In a recent article Kato et al. de-
tected an electrically induced electron-spin polarization
near the edges of a semiconductor channel and imaged
with the use of Kerr rotation microscopy. The polar-
ization is out-of-plane and has opposite sign for the two
2edges, consistent with the predictions of the spin Hall
effect[19].
Here we discuss the case of a quasi one dimensional
clean QW, first by analyzing the conventional Integer
Quantum Hall Effect (IQHE) in the presence of a trans-
verse magnetic field (B), then by discussing the case of
SHE, for B = 0. In this theoretical approach we neglect
the effect of the Rashba coupling and we just take in
account the electric fields acting in the plane where the
electron are confined to move.
Thus we start from an introduction of the model, then
we discuss how the quantized transverse conductance
(Gx−y ≡ GH), corresponding to the IQHE, can be eas-
ily calculated in QWs starting from the Landauer for-
mula. Then we demonstrate a formal analogy between
the model of QW in the presence of a transverse magnetic
field and the one where dominates the SO coupling: thus
we extend our results to the SHE.
MODEL- Semiconductor QWs are quasi 1D devices
of width less than 1000A˚[20] and length of some mi-
crons (here we think to a QW where Lx ∼ 30− 100nm,
L ∼ 10−100µm,Lz <∼ 10nm). In these devices, where the
electron waves are in some ways analogous to electromag-
netic waves in waveguides, the electrons are confined to a
narrow quasi one dimensional channel with motion per-
pendicular to the channel quantum mechanically frozen
out. Such wires can be fabricated using modern semicon-
ductor technologies such as electron beam lithography
and cleaved edge overgrowth.
From a theoretical point of view a QW is usually de-
fined by a parabolic confining potential along one of the
directions in the plane[17]: VW (x) =
me
2 ω
2
dx
2.
SINGLE SPINLESS PARTICLE IN A MAGNETIC
FIELD - Here we summarize some known results follow-
ing refs.[17, 21] and bibliography therein. We consider a
uniform magnetic field B along the zˆ direction acting on
the QW and we choose the gauge A = (0, Bx, 0). Now
we introduce the cyclotron frequency ωc =
eB
mec
, the to-
tal frequency ωT =
√
ω2d + ω
2
c and π ≡
{
p− e
c
A(R)
}
.
Because of [H, py] = 0 we can write
H =
π2x + π
2
y
2me
+VW (x) =
ω2d
ω2T
p2y
2me
+
p2x
2me
+
mω2T
2
(x−x0)2,
(1)
where x0 =
ωcpy
ω2
T
me
and the drift velocity, vd, is vd =
ω2dpy
ω2
T
me
.
It follows that, in the presence of magnetic field along z,
two electrons, moving along the y direction with opposite
versus (i.e. ±py → ±vd), are localized on the two oppo-
site edges (±x0) . Thus the states corresponding to these
localized currents are also known in quantum mechanics
as edge states[22]. The edge localization could also be
seen as a consequence of the commutation properties,
[πx, πy ] = ih¯meωc, (2)
and of the presence of a confinement potential (i.e.
VW (x)).
From the Quantum Mechanical point of view, the
diagonalization of the hamiltonian in eq.(1) gives two
terms, i.e. a quantized harmonic oscillator (n labels
the subband) and a quadratic free particle-like disper-
sion (py = h¯k)
εn,k =
ω2d
2meω2T
h¯2k2 + h¯ωT (n+
1
2
), (3)
This kind of factorization does not reflect itself in the
separation of the motion along each axis because the shift
in the center of oscillations along x depends on the mo-
mentum py = h¯ky. From eq.(3) it follows the Fermi
wavevector as
kF (εF , ωc, n) =
√
2meω2T
h¯2ω2d
(
εF − h¯ωT (n+ 1
2
)
)
.
Next we say than the n − th subband is open if, af-
ter fixing the Fermi energy (εF ), results kF real (i.e.(
εF − h¯ωT (n+ 12 )
)
> 0). The number of open subbands
is labeled by Ns.
The presence of an uniform electric field along the y
direction localized in the stripe a/2 > y > −a/2 can be
introduced as a potential
V (x, y) = Ey y ϑ
(
a2 − 4y2)+ Ey a ϑ (y − a/2) , (4)
where ϑ (x) is the Heaveside step function and ∆V = Eya
can be assumed as a small bias Voltage difference.
In the stripe where the electric field does not vanish,
the classical solution of the Hamilton equations yields
x(t) = x0 +R cos(ωT t+ ϕ0) + vHt (5)
y(t) = y0 − ωT
ωc
R sin(ωT t+ ϕ0) + vdt− 1
2
ayt
2, (6)
where the Hall velocity, vH , is vH =
ωcEye
ω2
T
me
, while ay =
Eye
me
.
BALLISTIC CONDUCTANCE - In the regime of bal-
listic transport the scattering with impurities can be ne-
glected, because both the width and the length of the
QW are much larger than the mean free path ℓ. In this
regime the Landauer formula allows one to write the con-
ductance in terms of transmission probabilities of prop-
agating modes at the Fermi level[22].
Next we consider a QW attached to two reservoirs at
y = ±∞ with a current injected at y = −∞. Scattering
3within the QW, mainly due to the presence of the electric
field from eq.(4), may reflect part of the injected current
back into the bottom reservoir. If we limit ourselves to
a fixed subband, n, a fraction Tn of the injected current
Jn is transmitted to the reservoir at the top. Then the
corresponding diffusion current in the QW reads j+y (n) ∝
|t(kn)|2vde/L, where |t(kn)|2 = Tn is the transmission
coefficient.
The density of the states is obtained from eq.(3):
dν(kn) = gs
ω2T
ω2d
L
2π
dkn,
where we introduce gs = 2 corresponding to the spin
degeneration. It could be shown that the states which
contribute to the transport, for the n− th subband, have
an energy εF +e∆V > ε > εF , with εF the Fermi energy,
we have
I+y (n) =
∫
|t(kn)|2 vde
L
dν(kn)
=
∫ εF+e∆V
εF
|t(kn)|2 gse
h
dε
≈ |t(kn(εF ))|2 gse
2
h
∆V. (7)
It is trivial to calculate the transmission coefficient ob-
tained by considering the scattering potential in eq.(4)
|t(kn(εF ))| = ϑ
(
εF − h¯ωT (n+ 1
2
)− Eya
)
It follows the longitudinal conductance, according the
Landauer formula,
Gy−y =
∑
n=0
I+y (n)
∆V
=
∑
n=0
|t(kF (n)|2e
2
h
=
2e2
h
Nt, (8)
where Nt is the number of open subbands in the asymp-
totic region (y > a/2).
From the localization of the edge states now we can
deduce that a transverse current have to appear in the
stripe where the electric field does not vanish. This cur-
rent, IH(n), is due to the presence of an Hall velocity, as
shown in eq.(5), and it gives a contribution of a quantum
of conductance to GH just if |t|2 = 0 and εF > εn,0.
We now introduce I0 = (2e
2∆V )/h as the current
quantum, and then we apply the continuity equation for
the currents. Following the schematic representation in
Fig.(1), I0y = NsI0 is the injected current, which is local-
ized on the right side of the QW, I+y = NtI0 is the current
measured at the top end of the QW and it is localized on
the right edge too, it follows that a reflected current is
present (I0y = I
+
y + IH) IH = (Ns −Nt)I0 and from the
discussed localization we know that it is localized on the
left side of the QW in the asymptotic region y < −a/2.
FIG. 1: (Color online)Schematic behaviour of currents in the
QW.
Thus in the stripe −a/2 < y < a/2 there should be a
current, IH in the x direction from right to left. So we
obtain
Gy−x = GH =
∑
n=0
|r(kn(εF )|2e
2
h
=
2e2
h
(Ns −Nt). (9)
Now we can conclude that IQHE can be explained in
terms of transmitted and reflected channels in a QW.
In Fig.(1) we show a schematic behaviour of the elec-
trons in the QW when a magnetic field is present also
focusing on the presence of rings of current correspond-
ing to the reflection from the electric field barrier.
The conductance in eq.(9) is shown in Fig.(2.left)
where we represent the G as a function of the strength
of the electric field.
INTEGER QUANTUM SPIN HALL EFFECT - Now
we can extend our calculations to the case where no mag-
netic field is present but introducing the effect of the Spin
Orbit coupling.
An electron moving in an electric field experiences not
only an electrostatic force but also a relativistic influence
due to the SO interaction. This manifests itself in an
interaction term in the hamiltonian which couples the
in-plane electron momentum with the electron spin.
The SO interaction comes from the expansion
quadratic in v/c of Dirac equation [23] and is due to the
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FIG. 2: (Color online)Longitudinal and Hall conductance for
IQHE and SHE: on the left integer hall effect, for a fixed value
of the magnetic field (ωc = ωd); on the right SHE.
Pauli coupling between the spin momentum of an elec-
tron and a magnetic field, which appears in the rest frame
of the electron, due to its motion in the electric field. It
follows that the effects of an electric field (E(R) where R
is the 3D position vector) on a moving electron have to
be analyzed starting from the following hamiltonian[16]:
HˆSO = − h¯
(2mc)2
E(R)
[
σˆ ×
{
pˆ− e
c
A(R)
}]
. (10)
Herem is the free electron mass, σˆ are the Pauli matrices,
A is the vector potential and we introduce α ≡ h¯2(2mc)2 .
Next we take in account just electric field in the plane
where the QW lies. This hypothesis is quite differ-
ent from the usual treatment of the Rashba coupling in
semiconducting devices, that we discussed in a previous
paper[17] and will analyze in the future.
The starting point is the Hamiltonian of one electron
in the QW where we introduce the SO term in eq.(10).
In our case we can consider the electric field due to eq.(4)
but also the one corresponding to the harmonic confine-
ment (Ex(x) = −meω2dx), thus
H =
p2x + p
2
y
2me
+
mω2d
2
x2 +
eEyh¯
(2mec)2
[σxpz − σzpx]
+
meω
2
dxh¯
(2mec)2
[σzpy − σypz] . (11)
Now we can consider that the degree of freedom corre-
sponding to z is frozen out because the ratio between
the energies of the confined states along the different di-
rections, x and z, is εz/εx >> 10, then we can assume
〈pz〉 = 0. Thus in what follows we neglect the term
with pz ([H,σz ] = 0) and introduce πx = px −
√
Uxσz
(with
√
Ux =
eEyh¯me
(2mec)2
), πy = py − meΩcxσz (with
Ωc =
ω2dh¯
me(2c)2
). These new momenta correspond to the
commutation properties:
[πx, πy] = ih¯meΩcσz . (12)
Thus we can write
H =
π2x + π
2
y
2me
+ VW (x)− Ux − meΩ
2
c
2
x2, (13)
FIG. 3: (Color online)Schematic representation of the spin
currents in the QW.
and then we introduce the new constants Ω2d = ω
2
d − Ω2c
and the total frequency ΩT =
√
Ω2d +Ω
2
c so that eq.(13)
becomes
H =
Ω2d
Ω2T
p2y
2me
+
p2x
2me
+
mΩ2T
2
(x−X0)2 − Ux, (14)
where X0 = s
Ωcpy
Ω2
T
me
and s = ±1 corresponds to the spin
polarization along the z direction.
From the discussed formal analogy, it emerges the pres-
ence of a Spin Hall velocity
vH = s
ΩcEye
Ω2Tme
,
clearly depending on the spin polarization.
Following the schematic representation in Fig.(3.top),
I0,↑y = NsI0/2 is the injected current, which is localized
on the right-hand side of the QW, I+,↑y = NtI0 is the
current measured at the top end of the QW, and it is
localized on the right-hand edge too. Hence, it follows
that a reflected current is present (I0,↑y = I
+,↑
y + I
↑
H)
I↑H = (Ns −Nt)I0/2, and from the discussed localization
we now that it is localized on the left-hand side of the
QW in the asymptotic region y < −a/2. Thus, in the
stripe −a/2 < y < a/2 there should be a current, I↑H
in the x direction, from right to left. If we assume that
a spin polarized current is injected in our device (e.g.
because we consider ferromagnetic leads) the presence of
5the plateaux in the longitudinal conductance depending
on the strength of the electric field (Gy−y = Nte
2/h due
to gs = 1) can be also read as the presence of a transverse
Spin Hall current with a quantized conductance (Gx−y =
(Ns −Nt)e2/h). This is represented in Fig.(2.right).
When we take into account a spin unpolarized cur-
rent it is clear that I+y = I
+,↑
y + I
+,↓
y , which gives the
conductance in the form of eq.(8). The symmetry of
the device implies that the charge Hall current vanishes,
IH = I
↑
H + I
↓
H = 0. In this case we can define also the
spin Hall current as
IsH = I
↑
H − I↓H ,
whence it follows that
GesH =
I↑H − I↓H
∆V
=
2e2
h
(Ns −Nt). (15)
It could be very interesting to observe that a spin cur-
rent, linked to a vanishing charge current, is present ev-
erywhere on the edge of the wire, so that we can define
some spin edge states analogous to the edge states in the
QHE.
Following ref.[18] we can now define the spin Hall con-
ductance
GssH = GsH
h¯
2e
=
e
4π
(Ns −Nt). (16)
This result can be also obtained by calculating the re-
sponse of the spin current operator[24]
Jˆs =
h¯
4
(σˆzvˆ + vˆσˆz)
to the electric field. This calculation can easily be done
within the framework of the Landauer formalism and
gives the conductance in eq.(16). Although this may not
be true in the general case, where vˆ does not commute
with σˆz , nonetheless it holds valid in our case, where
vˆ ≡ pˆi
me
and [πˆ, σˆz ] = 0.
Now we also want to discuss an interesting effect on
the properties of the reflected current corresponding to
the Hall one. In fact the edge localization of the states
implies the presence of rings of current in the center of
the QW see Fig.(1.left). These rings, with an orbital
magnetic momentum Mz are coupled with the spin (sz)
so that they minimizeM·S as shown in Fig.(4). It follows
that also in this case the magnetic properties of spin up
and spin down electrons are opposite.
MULTIPROBE AND QPC - Next, we shortly discuss
what happens if we consider our device as a ballistic four-
probe bridge (see ref.[18] and Fig.(5.left)). In our case we
assume that the presence of transverse currents could be
revealed by attaching two leads near y = 0. The corre-
sponding currents are I1 = I
0
y and I2 = IH . Also if we
FIG. 4: (Color online) Spin and orbital polarization corre-
sponding to the reflected current.
inject a not spin polarized current (Is1 = I
↑
1 − I↓1 = 0),
when transverse leads are attached at the boundaries of
the QW , pure (I↑2 + I
↓
2 = 0) spin current (I
↑
2 − I↓2 6= 0)
will emerge in the probe 2 of the bridge. The correspond-
ing spin Hall conductance is defined [18] as in eq.(15).
The correspondence between the QW and the multiprobe
should be discussed in more detail. The central question
is in what follows: if we attach conventional Hall probes
to a 1D channel, in order to measure the Hall voltage,
this very procedure destroys the 1D character of channel
at the point where the measuraments are made. Thus,
a 1D analog of the Hall voltage that can be measured
non invasively must be identified. However it is possi-
ble to refer the reader to several papers that discussed
the so called non invasive measurements of the intrinsic
QHE[25, 26] or to other references that proposed a four
terminal measurement of the Hall resistence in an experi-
mental setup where the QW is connected via Hall probes
to electron reservoirs (Hall contacts) in the so called weak
link model[27, 28]. A different way to observe the QHE
is based on the tunneling through a Quantum Point Con-
tact as discussed by ref.[29]. This kind of experiment was
also proposed for the study of the non-equilibrium noise
in a Chiral Luttinger Liquid i.e. of the tunneling between
edge states in the fractional quantum Hall regime[30]. In
6FIG. 5: (Color online)(Left) The four probe mesoscopic
bridge, for the detection of the pure spin Hall currents, ob-
tained by attaching tranverse leads to the QW. (Right) Ge-
ometries for tunneling between spin Hall edge states. By ad-
justing the gate voltage one can obtain either a simply con-
nected QH droplet or two disconnected QH droplets. A pair
of electrons (carrying spin and no charge) can tunnel from
one edge to the other.
this case two quantum Hall droplets are separated by a
constriction, i.e. the Quantum Point Contact. Quasipar-
ticles can tunnel across the constriction, from one edge
to the other as we show in Fig.(5.right). As discussed in
ref.[30] also this experimental setup can be viewed as a
four terminal measurement device.
DISCUSSION - Before ending we want to discuss the
strength of the physical quantities in this paper.
Experimentally, in GaAs − AsGaAl interface, values
for αeEz of order 10
−11 eV m were observed[6] corre-
sponding to a triangular potential well of width about
5 − 10nm. It is clear that the corresponding values for
αeEx is smaller by a factor Lz/Lx <∼ 1/5. Thus if we
consider these kind of devices the effects of the Rashba
coupling are always dominant respect to the ones ana-
lyzed in this paper. Nevertheless, if the electrons are
confined along the z direction in a square well, is possi-
ble neglect the Rashba coupling and our prediction could
be tested.
The strength of Ey can be easily by the introduction
of electrodes or Quantum Point Contacts(QPCs)[20] re-
alized in split-gate devices. The width of these devices
can be of the order of the electron Fermi wavelength and
a length much smaller than the elastic mean free path.
CONCLUSIONS - Here we discuss the theoretical case
of a mesoscopic QW in the ballistic regime by taking
in account the SO coupling effects. We show that the
case in the presence of SO coupling can be reduced to
the case where a transverse magnetic field is present, if
we consider spin polarized electrons. We discuss that in
general non commutation implies edge localization of the
currents. This property is the basis for the Spin Hall Ef-
fect and in this case (ballistic Quantum Wire) it reflects
in the conductance quantization in the longitudinal and
transverse direction. The presence of Hall effect, which
we identify as localization plus reflection, gives also a
coupling between rings of charge current and spin polar-
ization.
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